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Ââåäåíèå

Èíòåðåñóþùàÿ íàñ êàíîíè÷åñêàÿ ãðóïïà Ýíãåëÿ Eα,β1,β2 îïðåäåëåíà â
ñòàíäàðòíîì åâêëèäîâîì ïðîñòðàíñòâå R5 ñ ñèñòåìîé êîîðäèíàò
(x , y , t, z , q), èíäóöèðîâàííîé êîîðäèíàòíûì ðåïåðîì
(O, e1, e2, e3, e4, e5), ïðè ïîìîùè òàáëèöû êîììóòàòîðîâ:

[e1, e2] = αe3, α 6= 0,

[e1, e3] = β1e4, β1 6= 0;

[e2, e3] = β2e5, β2 6= 0;

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî α > 0, β1 > 0, β2 > 0.
Âñå ïðî÷èå êîììóòàòîðû ðàâíû 0.
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Ââåäåíèå

Ïðè ïîìîùè ôîðìóëû Êýìïáåëëà-Õàóñäîðôà ïîëó÷èì
àíàëèòè÷åñêóþ çàïèñü îïåðàöèè ëåâîãî ñäâèãà ïðîèçâîëüíîãî
ýëåìåíòà ω′ = (x ′, y ′, t ′, z ′, q′) ∈ Eα,β1,β2 íà ïðîèçâîëüíûé ýëåìåíò
ω = (x , y , t, z , q) ∈ Eα,β1,β2 :

Lωω
′ = ω · ω′ =

(
x + x ′, y + y ′, t + t ′ +

α

2
(xy ′ − x ′y),

z + z ′ +
β1
2
(xt ′ − x ′t) +

αβ1
12

(x − x ′)(xy ′ − x ′y)

q + q′ +
β2
2
(xt ′ − x ′t) +

αβ2
12

(x − x ′)(xy ′ − x ′y)

)
.
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Ââåäåíèå

Èç ýòîãî ïîëó÷àåì âûðàæåíèÿ äëÿ áàçèñíûõ ëåâîèíâàðèàíòíûõ
âåêòîðíûõ ïîëåé â ëþáîé òî÷êå (x , y , t, z , q) :

X = (1, 0,−α
2
y ,−β1

2
t − αβ1

12
xy ,−αβ2

12
y2),

Y = (0, 1,
α

2
x ,
αβ1
12

x2,−β2
2
t +

αβ2
12

xy),

T = (0, 0, 1,
β1
2
x ,
β2
2
y), Z = e4, Q = e5.
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Ââåäåíèå

Eα,β1,β2 ÿâëÿåòñÿ 3-ñòóïåí÷àòîé êàíîíè÷åñêîé ãðóïïîé Êàðíî.
r-ñòóïåí÷àòîé àëãåáðîé Êàðíî íàçûâàåòñÿ ãðàäóèðîâàííàÿ àëãåáðà
Ëè, îáëàäàþùàÿ ñòðàòèôèêàöèåé, òî åñòü ðàçëàãàþùàÿñÿ â ïðÿìóþ

ñóììó V =
r⊕

i=1

Vi è [Vi ,Vj ] ⊂ Vi+k , åñëè i + k ≤ , [Vi ,Vk] = 0 èíà÷å

è, â òî æå âðåìÿ Vi+1 = [V1,Vi ] è [V1,Vr ] = 0. Ãðóïïà Ëè,
ñîîòâåòñòâóþùàÿ r-ñòóïåí÷àòîé àëãåáðå Êàðíî, íàçûâàåòñÿ
r-ñòóïåí÷àòîé ãðóïïîé Êàðíî.

Ïîäïðîñòðàíñòâî V1 r-ñòóïåí÷àòîé àëãåáðû Êàðíî íàçûâàåòñÿ
ãîðèçîíòàëüíûì, à âåêòîðíûå ïîëÿ, åãî îáðàçóþùèå -
ãîðèçîíòàëüíûìè âåêòîðíûìè ïîëÿìè. Ãîðèçîíòàëüíûå ëîìàíûå -
ëîìàíûå, ñîñòîÿùèå èç îòðåçêîâ èíòåãðàëüíûõ ëèíèé
ãîðèçîíòàëüíûõ âåêòîðíûõ ïîëåé.
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Ïðåäûäóùèå ðàáîòû

Èç òåîðåìû Ðàøåâñêîãî-×îó ñëåäóåò, ÷òî ëþáûå äâå òî÷êè u, v
êàíîíè÷åñêîé ãðóïïû Êàðíî G ìîãóò áûòü ñîåäèíåíû
ãîðèçîíòàëüíîé ëîìàíîé, ñîñòîÿùåé íå áîëåå ÷åì èç ku,G(v)
ãîðèçîíòàëüíûõ îòðåçêîâ. Çäåñü

ku,G(v) ≤ dimV1 +
r∑

i=2

(3 ∗ 2i−1 − 2) · dimVi .

Åñòü áîëåå òîíêàÿ îöåíêà èç êíèãè (Agrachev, Barilari, Boscain, 2020):

ku,G(v) ≤ 2 ·
r∑

i=1

dimVi
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Ðåçóëüòàò

Â íàøåì ÷àñòíîì ñëó÷àå:

V1 = Span(X ,Y ),V2 = Span(T ),V3 = Span(Z ,Q)

Èíòåãðàëüíûå ëèíèè ãîðèçîíòàëüíûõ âåêòîðíûõ ïîëåé îïèñûâàþòñÿ
ñëåäóþùèì îáðàçîì:

γ̇(s) = α(s)X (γ(s)) + β(s)Y (γ(s)) ∀̇s ∈ [0, s0]

Îáùèå ìåòîäû äàþò âåðõíèå îöåíêè 26 è 10, ñîîòâåòñòâåííî.
Íàì óäàëîñü ïîëó÷èòü âåðõíþþ îöåíêó 5 ïðè îöåíêå ñíèçó, ðàâíîé 4.
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Ðåçóëüòàò

Ðàññìîòðåëè íåñêîëüêî ñëó÷àåâ îòäåëüíî:

1. Ëþáàÿ òî÷êà M = (0, 0,m3,m4,m5), m3(m
2

4
+m2

5
) 6= 0 ñîåäèíèìà ñ

íà÷àëîì êîîðäèíàò ãîðèçîíòàëüíîé 3-ëîìàíîé.

2. Ëþáàÿ òî÷êà M = (m1,m2,m3, 0, 0), (m
2

1
+m2

2
)m3 6= 0 ñîåäèíèìà ñ

íà÷àëîì êîîðäèíàò ãîðèçîíòàëüíîé 4-ëîìàíîé.

3. Ëþáàÿ òî÷êà M = (0, 0, 0,m4,m5), m
2

4
+m2

5
6= 0 ñîåäèíèìà ñ

íà÷àëîì êîîðäèíàò ãîðèçîíòàëüíîé 4-ëîìàíîé.

4. Ëþáàÿ òî÷êà M = (0, 0,m3, 0, 0) ñîåäèíèìà ñ íà÷àëîì êîîðäèíàò
ãîðèçîíòàëüíîé 4-ëîìàíîé.

5. Ëþáàÿ òî÷êà M = (m1,m2,m3,m4,m5), (m
2

1
+m2

2
)m3(m

2

4
+m2

5
) 6= 0

ñîåäèíèìà ñ íà÷àëîì êîîðäèíàò ãîðèçîíòàëüíîé 5-ëîìàíîé.
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Êîíåö

Ñïàñèáî çà âíèìàíèå!
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