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Ñàìîïîäîáíûå ìíîæåñòâà

Ïóñòü S = {S1, . . . , Sm} � ñèñòåìà ñæèìàþùèõ ïîäîáèé â
Rn. Íåïóñòîå êîìïàêòíîå ìíîæåñòâî K ⊂ Rn òàêîå, ÷òî

K =
m⋃
i=1

Si(K ),

íàçûâàåòñÿ ñàìîïîäîáíûì ìíîæåñòâîì, ïîðîæäåííûì
ñèñòåìîé S, èëè àòòðàêòîðîì (èíâàðèàíòíûì
ìíîæåñòâîì)1 ñèñòåìû S.

1J. Hutchinson, �Fractals and Self Similarity�, Indiana University
Mathematics Journal 30 (1981)



Ìíîæåñòâî Êàíòîðà



Òðåóãîëüíèê Ñåðïèíñêîãî



Ïåðåñå÷åíèÿ êîïèé ñàìîïîäîáíûõ ìíîæåñòâ

Ïóñòü St = {S t
1 , . . . , S

t
m} � ñèñòåìà ñæèìàþùèõ ïîäîáèé â

Rn ñ àòòðàêòîðîì Kt , çàâèñÿùàÿ îò ïàðàìåòðà t ∈ D, ãäå
D � íåêîòîðîå ìåòðè÷åñêîå ïðîñòðàíñòâî.

Çàôèêñèðóåì ðàçëè÷íûå i , j ∈ {1, . . . ,m}. Íàñêîëüêî
âåëèêè ìíîæåñòâà òåõ ïàðàìåòðîâ t ∈ D, ïðè êîòîðûõ:

(a) S t
i (Kt) ∩ S t

j (Kt) = ∅;

(b) |S t
i (Kt) ∩ S t

j (Kt)| <∞;

(c) S t
i (Kt) ∩ S t

j (Kt) = S t
i S

t
j (Kt) ?



Èñêëþ÷èòåëüíûå ïàðàìåòðû

Ïóñòü (At ,Bt) � ñåìåéñòâî ïàð ìíîæåñòâ â Rn, çàâèñÿùèõ
îò ïàðàìåòðà t ∈ D.

Èñêëþ÷èòåëüíûìè ïàðàìåòðàìè äëÿ ñåìåéñòâà (At ,Bt) ìû
íàçûâàåì òå t ∈ D, ïðè êîòîðûõ

At ∩ Bt 6= ∅.



Ðàçìåðíîñòü ïåðåñå÷åíèé

Ïóñòü A,B ⊂ Rn, à ft � ñäâèãè, ïîâîðîòû èëè ðàñòÿæåíèÿ
ïðîñòðàíñòâà Rn, ïàðàìåòðèçîâàííûå t.

Êàêîâà dimH (A ∩ ft(B)) ?

Îöåíêè äàâàëèñü â ñëó÷àÿõ:
Marstrand (1954) 2: A,B ⊂ R2, B � ïðÿìàÿ;
Mattilla (1984) 3: A,B ⊂ Rn � áîðåëåâñêèå;
Falconer (2004) 4: A,B ⊂ Rn � ñóñëèíñêèå.

2J. M. Marstrand, �Some fundamental geometrical properties of plane
sets of fractional dimensions�, Proc. Lond. Math. Soc. s3�4:1 (1954)

3P. Mattila, �Hausdor� dimension and capacities of intersections of
sets in n-space�, Acta Math. 152 (1984)

4K. J. Falconer, �Dimensions of intersections and distance sets for
polyhedral norms�, Real Anal. Exchange 30:2 (2004)



Îäíàêî, åñëè ïðåîáðàçîâàíèÿì ft ïîäâåðãàåòñÿ îäíî èëè
íåñêîëüêî ñæèìàþùèõ ïîäîáèé â ñèñòåìå
St = {S t

1 , . . . , S
t
m}, íàïðèìåð S t

j = tG , òî äëÿ ïåðåñå÷åíèÿ
S t
i (Kt) ∩ S t

j (Kt) êîïèé àòòðàêòîðà Kt ñèñòåìû St ñèòóàöèÿ
óñëîæíÿåòñÿ.

Êðîìå òîãî, äàæå åñëè dimH(S t
i (Kt) ∩ S t

j (Kt)) = 0, ýòî íå
ãàðàíòèðóåò òîãî, ÷òî S t

i (Kt) ∩ S t
j (Kt) = ∅, ïîýòîìó

âåðõíèå îöåíêè äëÿ dimH(S t
i (Kt) ∩ S t

j (Kt)) íè÷åãî íå
ãîâîðÿò î ìíîæåñòâå èñêëþ÷èòåëüíûõ ïàðàìåòðîâ

∆ = {t ∈ D : Si(Kt) ∩ S t
j (Kt) 6= ∅}.



Óñëîâèÿ îòäåëèìîñòè

Ñèñòåìà S = {S1, . . . , Sm} ñæèìàþùèõ îòîáðàæåíèé ñ
àòòðàêòîðîì K óäîâëåòâîðÿåò ñòðîãîìó óñëîâèþ
îòäåëèìîñòè (SSC), åñëè Si(K ) ∩ Sj(K ) = ∅ äëÿ âñåõ
ðàçëè÷íûõ i , j .

Ñèñòåìà S óäîâëåòâîðÿåò óñëîâèþ îòêðûòîãî ìíîæåñòâà
(OSC), åñëè ñóùåñòâóåò íåïóñòîå îòêðûòîå ìíîæåñòâî O
òàêîå, ÷òî:
1) Si(O) ⊂ O äëÿ âñåõ i ∈ I = {1, . . . ,m};
2) Si(O) ∩ Sj(O) = ∅ äëÿ âñåõ ðàçëè÷íûõ i , j ∈ I .

Ñèñòåìà S è èìååò ñëàáîå ñâîéñòâî îòäåëèìîñòè (WSP),
åñëè Id � èçîëèðîâàíííàÿ òî÷êà â ñåìåéñòâå
{S−1i Sj : i, j � íåñðàâíèìûå ìóëüòèèíäåêñû}.



SSC ⇒ OSC ⇒ WSP.

OSC ⇒ d = dimH K ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
Ìîðàíà5:

m∑
k=1

(Lip Si)
d = 1,

íàçûâàåìûì ðàçìåðíîñòüþ ïîäîáèÿ dimS S ñèñòåìû S.

OSC ⇔ Hd(K ) > 0.

5P. A. P. Moran, �Additive functions of intervals and Hausdor�
measure�, Proc. Cambridge Philos. Soc. 42 (1946)



Bandt, Rao (2007) 6 : åñëè ñèñòåìà S ñæèìàþùèõ ïîäîáèé
â R2 ñî ñâÿçíûì àòòðàêòîðîì K èìååò òîëüêî êîíå÷íûå
ïåðåñå÷åíèÿ êîïèé, òî îíà óäîâëåòâîðÿåò OSC.

Òàê ëè ýòî äëÿ R3 ?

6C. Bandt, H. Rao, �Topology and separation of self-similar fractals in
the plane�, Nonlinearity 20 (2007)



Òåîðåìà îá îáùåì ïîëîæåíèè7

Òåîðåìà 1

Ïóñòü (D, ρ), (L1, σ1), (L2, σ2) � ìåòðè÷åñêèå ïðîñòðàíñòâà,
L1 è L2 � êîìïàêòû. Ïóñòü îòîáðàæåíèÿ ϕi : D × Li → Rn,
i = 1, 2 íåïðåðûâíû, Φ(t, x1, x2) = ϕ1(t, x1)− ϕ2(t, x2), è
äëÿ íèõ âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
(a) ‖ϕi(t, x1)− ϕi(t, x2)‖ ≤ C [σi(x1, x2)]α

äëÿ íåêîòîðîãî C > 0 è âñåõ x1, x2 ∈ Li ;
(b) M [ρ(t ′, t)]β ≤ ‖Φ(t ′, x1, x2)− Φ(t, x1, x2)‖
äëÿ íåêîòîðîãî M > 0 è âñåõ x1 ∈ L1, x2 ∈ L2, t, t

′ ∈ D.
Òîãäà ìíîæåñòâî ∆ = {t ∈ D| ϕ1(t, L1) ∩ ϕ2(t, L2) 6= ∅}
çàìêíóòî, è:

dimH ∆ ≤ min

{
β dimH L1 × L2

α
, dimH D

}
7K. Kamalutdinov, A. Tetenov, �Twofold Cantor sets in R�, Siberian

Electr. Math. Rep. 15 (2018)



Èç òåîðåìû ìû âèäèì, ÷òî åñëè ïðîèçâåäåíèå L1 × L2
èìååò äîñòàòî÷íî ìàëóþ ðàçìåðíîñòü, à èìåííî:

β dimH L1 × L2
α

< dimH D,

òî ìíîæåñòâà ϕ(t, L1) è ψ(t, L2) íå ïåðåñåêàþòñÿ äëÿ ïî÷òè
âñåõ t ∈ D.



Ïåðåíîñû è ðàñòÿæåíèÿ îäíîãî ìíîæåñòâà

Ïðåäëîæåíèå 2

Ïóñòü A,B ⊆ Rn. Òîãäà

dimH{t ∈ Rn : A ∩ (B + t) 6= ∅} ≤ min{dimH A× B , n}.

Ïðåäëîæåíèå 3

Ïóñòü A,B ⊆ Rn and 0 /∈ B̄ . Òîãäà

dimH{t ∈ R : A ∩ tB 6= ∅} ≤ min{dimH A× B , 1}.



Ïåðåíîñû îäíîé êîïèè ñàìîïîäîáíîãî

ìíîæåñòâà

Òåîðåìà 4

Ïóñòü Ft = {F1, . . . ,Fm−1,F
t
m(x) = G (x) + t} - ñèñòåìà

ñæèìàþùèõ ïîäîáèé â Rn ñ êîýôôèöèåíòàìè (p1, . . . , pm)
è àòòðàêòîðîì Kt , çàâèñÿùàÿ îò ïàðàìåòðà t ∈ Rn.

Ïóñòü p1 + pm + max{p1, . . . , pm} < 1.

Òîãäà ìíîæåñòâî ∆ = {t ∈ Rn : F1(Kt) ∩ F t
m(Kt) 6= ∅}

óäîâëåòâîðÿåò óñëîâèþ

dimH ∆ ≤ 2 dimS F0.



SSC ïðè ïåðåíîñàõ êîïèé

Ñëåäñòâèå 5

Ïóñòü Fτ = {F τ1 (x) = G1(x) + t1, . . . ,F
τ
m(x) = Gm(x) + tm} -

ñèñòåìà ñæèìàþùèõ ïîäîáèé â Rn ñ êîýôôèöèåíòàìè
(p1, . . . , pm) è àòòðàêòîðîì Kτ , çàâèñÿùàÿ îò ïàðàìåòðà
τ = (t1, . . . , tm) ∈ (Rn)m.

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
(a) max{p1, . . . , pm} < 1/3;
(b) dimS F0 < n/2.

Òîãäà ñèñòåìà Fτ óäîâëåòâîðÿåò SSC äëÿ ïî÷òè âñåõ τ .



Ðàñòÿæåíèÿ îäíîé êîïèè ñàìîïîäîáíîãî

ìíîæåñòâà

Òåîðåìà 6

Ïóñòü Ft = {F1, . . . ,Fm−1,F
t
m(x) = tG (x) + h} - ñèñòåìà

ñæèìàþùèõ ïîäîáèé â Rn ñ êîýôôèöèåíòàìè
(p1, . . . , pm−1, pm(t)) è àòòðàêòîðîì Kt , çàâèñÿùàÿ îò
ïàðàìåòðà t ∈ (a, b), ãäå G - èçîìåòðèÿ â Rn.

Ïóñòü a, b, r ,R > 0, a < b < 1 òàêèå, ÷òî:
(a) r ≤ ‖G (x)‖ ≤ R äëÿ âñåõ x ∈ Kt , t ∈ (a, b);
(b) (p1 + b)/(1−max{p1, . . . , pm−1, b}) < r/R .

Òîãäà ìíîæåñòâî ∆ = {t ∈ (a, b) : F1(Kt) ∩ F t
m(Kt) 6= ∅}

óäîâëåòâîðÿåò óñëîâèþ

dimH ∆ ≤ 2 sup
t∈(a,b)

dimS Ft .



SSC ïðè èçìåíåíèè êîýôôèöèåíòîâ ïîäîáèÿ

Ñëåäñòâèå 7

Ïóñòü
Fτ = {F τ1 (x) = t1G1(x) + h1, . . . ,F

τ
m(x) = tmGm(x) + hm} -

ñèñòåìà ñæèìàþùèõ ïîäîáèé â Rn ñ àòòðàêòîðîì Kτ ,
çàâèñÿùàÿ îò ïàðàìåòðà τ = (t1, . . . , tm) ∈ (a, b)m, ãäå Gi ,
i ∈ I - èçîìåòðèè â Rn.

Ïóñòü a, b, r ,R > 0, a < b < 1 òàêèå, ÷òî:
(a) r ≤ ‖Gi(x)‖ ≤ R äëÿ âñåõ x ∈ Kτ , τ ∈ (a, b)m, i ∈ I ;
(b) 2b/(1− b) < r/R ;
(c) (ln(1/m))/ln b < 1/2.

Òîãäà ñèñòåìà Fτ óäîâëåòâîðÿåò SSC äëÿ ïî÷òè âñåõ
τ ∈ (a, b)m.



Ñäâîåííûå êàíòîðîâû ìíîæåñòâà8.

Îïðåäåëåíèå Spq è Kpq

Ïóñòü ñèñòåìà Spq = {S1, S2, S3, S4} ñæèìàþùèõ ïîäîáèé â
[0, 1] ñ àòòðàêòîðîì Kpq, çàâèñÿùàÿ îò ïàðàìåòðîâ
p, q ∈ (0, 1) îïðåäåëåíà òàê:

S1(x) = px , S2(x) = qx ,
S3(x) = 1− p + px , S4(z) = 1− q + qx .

8K. Kamalutdinov, A. Tetenov, �Twofold Cantor sets in R�, Siberian
Electr. Math. Rep. 15 (2018)



Ñäâîåííûå êàíòîðîâû ìíîæåñòâà

Åñëè ñèñòåìà Spq óäîâëåòâîðÿåò óñëîâèþ

Sm
1 (Kpq) ∩ Sn

2 (Kpq) = Sm
1 Sn

2 (Kpq)

äëÿ âñåõ m, n ∈ N, ìû íàçûâàåì Kpq ñäâîåííûì
êàíòîðîâûì ìíîæåñòâîì.

Òåîðåìà 8

Ìíîæåñòâî òåõ (p, q) ∈ (0, 1/16)2, äëÿ êîòîðûõ Kpq �
ñäâîåííîå êàíòîðîâî ìíîæåñòâî, èìååò ïîëíóþ ìåðó â
(0, 1/16)2, à åãî äîïîëíåíèå íåñ÷åòíî è ïëîòíî â (0, 1/16)2.



Ñâîéñòâà ñäâîåííûõ êàíòîðîâûõ ìíîæåñòâ

Òåîðåìà 9

Åñëè Kpq � ñäâîåííîå êàíòîðîâî ìíîæåñòâî, òî:

(i) Spq íå óäîâëåòâîðÿåò WSP;

(ii) d = dimH Kpq óäîâëåòâîðÿåò óðàâíåíèþ
pd + qd − (pq)d = 1/2;

(iii) ñóùåñòâóåò òîïîëîãè÷åñêèé ïðåäåë
lim

t→+∞
tKpq = [0,+∞).



Ïðèìåð ñ îäíîòî÷å÷íûì ïåðåñå÷åíèåì â R.
Ñèñòåìà Spqr

Ïóñòü p, q, r ∈ (0, 1/36), h =
8

15
, a =

3

15
. Ìû îïðåäåëÿåì

ñèñòåìó Spqr = {S1, S2, . . . , S6} ñæèìàþùèõ ïîäîáèé íà
[0, 1] ñëåäóþùèì îáðàçîì:

S1(x) = px , S2(x) = a+rx , S3(x) = h−qx , S4(x) = h−r+rx ,

S5(x) = 1− a − rx , S6(x) = 1− r + rx .



Ñâîéñòâà ñèñòåìû Spqr

Ïðåäëîæåíèå 10

Ñèñòåìà Spqr è åå àòòðàêòîð K èìåþò ñëåäóþùèå ñâîéñòâà:

(i) Sm
1 (K \K1)∩ Sn

1 (K \K1) = Sm
6 (K \K6)∩ Sn

6 (K \K6) = ∅
äëÿ âñåõ m, n ∈ N, m 6= n;

(ii) Si(K ) ∩ Sj(K ) = ∅ äëÿ âñåõ ïàð (i , j) 6= (3, 4), i < j ;

(iii) h ∈ S3(K ) ∩ S4(K );

(iv) K = {0} ∪
∞⋃

m=0

Sm
1 (K \ K1) = {1} ∪

∞⋃
n=0

Sn
6 (K \ K6).



Åäèíñòâåííîå îäíîòî÷å÷íîå ïåðåñå÷åíèå

Ïðåäëîæåíèå 11

Äëÿ ñèñòåìû Spqr ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(i) S3S
m
1 (K \ K1) ∩ S4S

n
6 (K \ K6) = ∅ äëÿ âñåõ m, n ∈ N;

(ii) K3 ∩ K4 = {h}.

Åñëè ñèñòåìà Spqr óäîâëåòâîðÿåò ëþáîìó èç óñëîâèé
(i)�(ii), ìû ãîâîðèì, ÷òî îíà èìååò åäèíñòâåííîå
îäíîòî÷å÷íîå ïåðåñå÷åíèå.



Åäèíñòâåííîå îäíîòî÷å÷íîå ïåðåñå÷åíèå

Ïðåäëîæåíèå 12

Åñëè
log p

log r
/∈ Q, òî ñèñòåìà Spqr íå óäîâëåòâîðÿåò WSP

äëÿ ëþáîãî q.

Òåîðåìà 13

Åñëè Spqr èìååò åäèíñòâåííîå îäíîòî÷å÷íîå ïåðåñå÷åíèå,
òî dimH Kpqr = dimS Spqr .

Òåîðåìà 14

Äëÿ ëþáîãî r ∈ (0, 1/36) è p ∈ (0, r) ìíîæåñòâî Kpr òåõ
q ∈ (0, r), ïðè êîòîðûõ Spqr èìååò åäèíñòâåííîå
îäíîòî÷å÷íîå ïåðåñå÷åíèå, èìååò ïîëíóþ ìåðó â (0, r).
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