Manifolds of triangulations, braids on manifolds, groups

G¥ and I'%, and related groups

Vassily Olegovich Manturov

Bauman Moscow State Technical University

Vassily Olegovich Manturov (BMSTU) Triangulations, G, and '\ VI Russian-Chinese Conference 1/30

no



Manifolds of triangulations, braids on manifolds, groups

G¥ and I'%, and related groups

Vassily Olegovich Manturov

Bauman Moscow State Technical University
Joint work with I.M.Nikonov

Vassily Olegovich Manturov (BMSTU) Triangulations, G, and ' VI Russian-Chinese Conference 1/30

no



Manifolds of triangulations, braids on manifolds, groups

G¥ and I'%, and related groups

Vassily Olegovich Manturov

Bauman Moscow State Technical University
Joint work with I.M.Nikonov
On Groups Gf and Tk: A Study of Manifolds, Dynamics, and Invariants,arXiv: 1905.04916

Sixth Russian-Chinese conference on knot theory
and related topics, Novosibirsk, June 2019.

Vassily Olegovich Manturov (BMSTU) Triangulations, G, and '} VI Russian-Chinese Conference 1/30

no



The main principle

If dynamical systems describing a motion of n particles possess a nice
codimension 1 property governed by k particles then they have topological
invariants valued in groups GX.
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The definition of G*

For two integers n > k, we define the group GX as the group having the
following (}) generators anm, where m runs the set of all unordered
k-tuples my, ..., my, whereas each m; are pairwise distinct numbers from

{1,...,n}.
Gy = (am|(1), (2).(3))-
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The groups G¥: relations

For each (k + 1)-tuple U of indices uy, ..., ux+1 € {1,..., n},consider the
k+1sets m = U\{u;},j=1,...,k+ 1. With U, we associate the
relation

Al @p2 Akl = Akl 0 Am2 * Al (1)
for two tuples U and U, which differ by order reversal, we get the same

relation.
(k+1)1(,," _
Thus, we totally have w relations.
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The groups G¥: relations

For each (k + 1)-tuple U of indices uy, ..., ux+1 € {1,..., n},consider the
k+1sets m = U\{u;},j=1,...,k+ 1. With U, we associate the
relation

Al @p2 Akl = Akl 0 Am2 * Al (1)
for two tuples U and U, which differ by order reversal, we get the same

relation.
(k+1)1(,," _
Thus, we totally have w relations.

We shall call them the tetrahedron relations.
Physists (tensor version): Zamolodchikov relations.
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Relations in G

For k-tuples m, m" with Card(m N m’) < k — 1, consider the far
commutativity relation:

Amam’ = any'am- (2)
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Relations in G

For k-tuples m, m" with Card(m N m’) < k — 1, consider the far
commutativity relation:

Amam’ = am'am- (2)

Note that the far commutativity relation can occur only if n > k + 1.
Besides that, for all multiindices m, we write down the following relation:

a> =1. (3)

Define GX as the quotient group of the free group generated by all a,, for
all multiindices m by relations (1), (2) and (3).
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Dynamics of n points on the plane with respect to “three points are
collinear” (k = 3) give rise to the map PB, — G3.
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Dynamics of n points on the plane with respect to “three points are
collinear” (k = 3) give rise to the map PB, — G3.

Dynamics of n points on the plane with respect to “three points belong to
the same circle/line” (k = 4) give rise to the map PB, — G?*.
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Dynamics of n points on the plane with respect to “three points are
collinear” (k = 3) give rise to the map PB, — G3.

Dynamics of n points on the plane with respect to “three points belong to
the same circle/line” (k = 4) give rise to the map PB, — G?*.

The same works for projective spaces.
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For R¥~1 or RP*~1 one can consider restricted configuration spaces
C'(R¥=1 n): For n points any k — 1 are generic.

Then the property "k points belong to the same k — 2 plane” is a good
property of codimension 1 and gives rise to the map

71 (C'(R¥"1, n)) — G

The same works for 1(C'(RP*~1, n)).

7/ 30
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Projective duality: lines instead of points

Let us first pass from R¥~1 to RPx~1.
We get:

There are well defined homomorphisms 1(C/(RP*~1)) — Gk

Now, by using projective duality, we can consider cases of moving
projective hyperplanes instead of moving points.

For example, for RP? we have moving lines and for “nice codimension one
condition” it suffices to have that any two particles (lines) intersect
transversally at one point and in the neighbourhood of a triple intersection
everything is linear.

This allows one in fact to consider other spaces of curves.
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Can we recognise smooth structures by using G*?
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Can we recognise smooth structures by using G*?

Having some geometrical “codimension 1 conditions”, one can study
configuration spaces like C/ (M) and their fundamental groups.
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Can we recognise smooth structures by using G*?

Having some geometrical “codimension 1 conditions”, one can study
configuration spaces like C/ (M) and their fundamental groups.

Is it possible to detect any smooth structures on manifolds by using such

spaces?
Frankly speaking,
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Can we recognise smooth structures by using G*?

Having some geometrical “codimension 1 conditions”, one can study
configuration spaces like C/ (M) and their fundamental groups.

Is it possible to detect any smooth structures on manifolds by using such
spaces?

Frankly speaking, C,(My) are not well defined unless we have geodesics,
planes, hyperplanes.
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Can we recognise smooth structures by using G*?

Having some geometrical “codimension 1 conditions”, one can study
configuration spaces like C/ (M) and their fundamental groups.

Is it possible to detect any smooth structures on manifolds by using such
spaces?

Frankly speaking, C,(My) are not well defined unless we have geodesics,
planes, hyperplanes.

But...
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Projective duality: particles are not necessarily points

Particles should not necessarily be points. When considering a collection
of hyperplanes in RP¥~1, where each k — 1 are in general position, we get
a configuration space whose fundamental group can be studied by
methods similar to those described above.
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Consider a manifold M* of arbitrary dimension k and a moduli space of n
submanifolds ¥1,--- , X, embedded in M which intersect “in the same

way as hyperplanes”.
We get a map from the fundamental group of each connected component

of the above moduli space to G**1.
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Consider a manifold M* of arbitrary dimension k and a moduli space of n
submanifolds ¥1,--- , X, embedded in M which intersect “in the same
way as hyperplanes”.

We get a map from the fundamental group of each connected component
of the above moduli space to G<*1.

The set of subgroups of GX*! serves as an invariant of the above moduli
space.
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We get a map from the fundamental group of each connected component
of the above moduli space to G<*1.

The set of subgroups of GX*! serves as an invariant of the above moduli
space.

These invariants for RP" are richer than those with straight lines
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Consider a manifold M* of arbitrary dimension k and a moduli space of n
submanifolds ¥1,--- , X, embedded in M which intersect “in the same
way as hyperplanes”.

We get a map from the fundamental group of each connected component
of the above moduli space to G<*1.

The set of subgroups of GX*! serves as an invariant of the above moduli

space.

These invariants for RP" are richer than those with straight lines
Even in dimension 2, invariants for T2, KL? are highly non-trivial.
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roups [: Motivation

Consider a motion of n points in a closed 2-surface. If we want to consider
the property “some three points are collinear”, we need a Riemannian
metric, but

@ there is more than one geodesic passing through two points (this may
yield the non-existing relation ajp3aios = a1243123);

@ there are irrational cables; they destroy the whole situation: there is
no chance to write a word since letters become everywhere dense.
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From G to I’

A remedy for that is the possibility to consider only local situations when
we only count situations where four nearest points belong to the same
circle.
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Definition

The group I is the group given by group presentation generated by
{dijury | 1i5ds ki I} < A, [{i,j, k}| = 4} subject to the following relations:

(1) d(2,.jk,) =1 for (i,j, k,1) C A,
Q d(ijuyd(stuv) = d(stuv)ijiry, for [{isj, k, I} N {s, t,u, v} <3,
(3] d(ijkl)d(ijkm)d(ijlm)d(iklm)d(jklm) =1 for distinct i, j, k, |, m.

Q dijiir) = duiny = ding) = ) = iy = iy = iy = ). For
distinct i, j, k, I, m.
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The pentagon relation

Figure: The pentagon relation
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A presentation of [* and braids on 2-surfaces

The main idea for the construction of this map is: to associate a concrete
map to a flip and then take a composition over all moments when flips
occur.

ac+bd
X

Figure: The flip, y =
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Solutions to the pentagon equation: the Ptolemy equation

xd+(e
a

t=—bztac bz+a( _ _cay+xdb+ceb | +xdb+ceb

u d+le ay+eb/\

o5

Figure: The pentagon equation is satisfied

Figure 3 represents a generic braid isotopic to the identity and the map
corresponding to it.
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Mapping class group and I'?

There is a map from the mapping class group to 4 (joint work with
S.Kim and J.Wang).
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roup I (1.M.Nikonov)

SOy D OHP

Figure: A Pachner move and configurations of codimension 2

The group I is the group with generators ajj kim and relations

[*] (index symmetry) a,'j’k/m = aj,-7k/m = a,'j,/km = a,-j,km,,

o (far commutativity) Ajj kim3i'j/ k' I'm’ = '}’ k'I'm’ Aij, kim) for
i, g, k, Lm0 {7 K 1 m' Y < 4, [{i, gy {7, k1, m' | < 2
and {7, j'}n{i,j, k,I,m}| <2,

=1,

o (shifted octahedron relation) a, jimakp,ijidkm.jip = akm.iji@kp, ijmaip,ikm-

: -1 =il =il
o (octahedron relation) 3, ijp @i kim31p, ikmAkm.jip 3. kip3lp.ijm
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Higher groups ' (1.M.Nikonov)

The group X is generated by
arP,Q; P,Q ¢ {17-"7’7}7POQ:@)|PUQ| = k7|’D’7‘Q| > 2,
modulo:
@ 20pr =3
@ (far commutativity) ap gapr ¢/ = apr,qap,q for each generators ap @,
apr @' such that
PO (PUQ) <P, RN (PUQ) <@l
PP (PUQ) <P, QRIN(PUQ)<I|Q;
@ ((k + 1)-gon relations) for any standard Gale diagram Y of order
k41 and any subset M = {my,...,my 1} C {1,...,n}
k41

I amewipmviy =1
=1

where /WR(\_/7 I) = {mj}jERy(f)' ML(V; I) = {mj}jeLV(,-).
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Invariants: abelianisation; Fﬁ

The groups ' have non-trivial abelianisations which allow one to
construct non-trivial invariants of paths in the configuration space.
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Invariants: abelianisation; Fﬁ

The groups ' have non-trivial abelianisations which allow one to
construct non-trivial invariants of paths in the configuration space.

One can pass to even stronger groups I:ﬁ by taking into account the
orientation.

Hence for M there are twice as many generators as in [4:
Uk a/k_/ 7& alk_] = Uk
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The manifold of triangulations: combinatorial approach

@ Vertices: triangulations;
@ Edges: Pachner moves;

@ 2-cells: Relations (far commutativity and inscribed polytopes with
d + 3 vertices).

The combinatorial n-strand braid groups of the manifold M are the
fundamental groups

BC(M’ n)j = Wl((Mggmb)j)a J= 100050k
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The manifold of triangulations: smooth approach

Fix a smooth manifold M9 with a Riemannian metric g. Let
n € N, n> d. Consider the set of all Delaunay triangulations of M with n

vertices xi, ..., X, (if exist). They are indexed by sets of vertices

X1, ...,Xpn, hence, the set of such triangulation is a subset of C(M, n). It is
clear that the above subset will be an open (not necessarily connected)
manifold of dimension dn. The set x, ..., x, if admissible if such a
Delaunay triangulation exists. We get a non-compact (open) manifold
Mg”. Here (x1,...,xp) and (X1, ..., x;,) are adjacent if there is a path
(x1,t,- -, %n¢) for t € [0,1], s.t. (x1,0,--.,%n0) = (x1,--+ ,%n) and
(x1,1,---»Xn1) = (x{,...,x}) and 3ty € [0, 1], s.t. when passing through
t = tp the Delaunay triangulation (xi¢, ..., X +) undergoes a flip (or

Pachner move or bistellar move). Generally, the Pachner moves, not
changing the number of points, may be not enough. In that case, we shall
have many components and the invariant (valued ['¥) is be a set of groups.
In dimension 3 the Pachner moves are enough. The flip corresponds to a
position when some d + 2 points (X; ¢, - - -, Xiy,0,1,) belong to the same
sphere S9! such that no other point x; lies inside the-ball B,0B = S9~1,
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The manifold of triangulations with smooth class fixed

Consider the manifold M. We consider all possible metrics g, as above.
They naturally lead to I\/Ig’(’l7 as described in the previous section. Those
manifolds are naturally stratified. By a generalised cell of such a
stratification we mean a connected component of the set of generic points

of Mgg.
We say that two generalised cells C; and G, are adjacent it there exist two
points, say, x = (x1,...,X,) in C1 and X’ = (x{,...,x;,) in C; and a path

x¢ = (x1(t), ..., xn(t)), such that x;(0) = x; and x;(1) = x'(/) such that
all points on this path are generic except for exactly one point, say,
corresponding to t = tg, which belongs to the stratum of codimension 1.
We say that two generic strata of I\/Igg, Mgg are equivalent if there is a

homeomorphism of Mg: — I\/lg[;' taking one stratum to the other.
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manifold of triangulations: topological approach

A 0-cell of the manifold of triangulations is an equivalence class of generic
strata.

Analogously, we define 1-cells of the manifold of triangulations as
equivalence classes of pairs of adjacent vertices for different metrics Md;’,
Mgg to the pair of adjacent vertices equivalent to the initial ones.

In a similar manner, we define 2-cells as equivalence classes of discs for
metrics I\/Igd;1 such that:

@ vertices of the disc are points in O-strata;

@ edges of the disc connect vertices from adjacent O-strata; each edge
intersects codimension 1 set exactly in one point;

© the cycle is spanned by a disc which intersects codimension 2 set
exactly at one point;

@ equivalence is defined by homeomorphism taking disc to disc, edge to
an equivalent edge and vertex to an equivalent vertex and respects
the stratification.
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The topological braid group

The topological n-strand braid groups of the manifold M are the
fundamental groups

Bt(/\/l, n)j:Wl((Mg;L)j), _j:].,...,q.
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Other braid groups

In a similar way, one can define braid groups for any class of metrics for a
given manifold: complex braid groups, simplicial braid groups, Kahler braid

groups , etc.
To this end, one needs to consider all possible metrics from the given class

and Delaunay triangulations with the given number of points.
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Invariants of manifolds

@ The groups B:(M, n); are invariants of the smooth type of M".
@ The groups B.(M, n); are invariant of the PL-type of M".
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Let X = {x1,...,x,} CR? n> d, be the vertex set of a polytope W in
general position, namely, any d 4+ 1 points of X do not belong to one
hyperplane. Let 7 be the set of regular triangulations of W . We can
consider 7 as a graph whose vertices are regular triangulations and whose
edges are Pachner moves. This graph is connected. Choose a regular
triangulation To € 7. For any other triangulation T € T there is a path

v =e1e...e from Tp to T where each edge e; is a Pachner move of type
(P, Q;). We assign the word ¢(T) = Hle ap.q, € M972 to the
triangulation T.

Let Cay(I'9*2) be the Cayley graph of the standard presentation of [9+2.

The correspondence T — ¢(T) defines an embedding of the graph T into
the graph Cay(4+2).
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Some unsolved problems and work and progress:

@ Solution to word problem for G¥ except k =2,n= k + 1,
(n, k) = (5,3) (the latter one — L.A.Bokut').

@ Realisation of groups I'% as fundamental groups.

© Construction of an invariant of knots valued in T by means of
triangulations of space and Pachner moves (project with S.Kim and
S.Yoon).

@ Relations between groups G and I'k.

© Study the manifold of far triangulations. It is well known that
Pentagon+Hexagon — braiding. In our case pentagon only yields
braiding.

@ How to use Drinfeld’s associator to get presentations of 7

@ Relation of the braid groups B-(M, n);, B:(M, n); to Dijkgraaf-Witten
invariants.

@ How to define braid groups of M in terms of algebraic topology (to

make definition functorial)?
https://www.researchgate.net/project/Invariants-and-Pictures

Go to Kim Seongjeong's talk.
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